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Abstract
The constant-roll inflation is studied where the inflaton is taken as a tachyon field. Since in this
approach the second slow-roll parameter is assumed to be of order one instead of being small, then
the perturbation parameters will be considered again. The results are compared with observational
data, and it is confirmed that the model could stand as a proper candidate for inflation.
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I. INTRODUCTION
The Guth’s proposal in 1981 for solving the problem of big bang theory is now one of
the best candidate for describing the universe evolution in its earliest time [1]. Although
his scenario, known as old inflation, could not work properly, his idea has been followed
by physicists and many different scenarios of inflation have been introduced so far such as:
new inflation [2, 3], chaotic inflation [4], k-inflation [6, 7], Brane inflation [8, 9], G-inflation
[10–13] warm inflation [14–20] and so on.
Inflation is known as an accelerated expansion phase in the very early time that the universe
undergoes an extreme expansion in a very short period of time. Commonly the inflation
is derived by a scalar field, which varies very slowly to give a quasi-de Sitter expansion.
Such models of inflationary scenario are known as the slow-roll inflation which describe
by slow-roll parameters. In order to give enough amount of expansion, these parameters
should be much smaller than unity specially in the early stage of the universe [5]. The most
well-known slow-roll parameters are ǫ = −H˙/H2 which smallness of the parameter means
that the fractional change of the Hubble parameter during a Hubble time is much smaller
than unity. Usually the same assumption is taken for the time derivative of the scalar field,
namely the fractional change of the φ˙ during a Hubble time (denoting by η = φ¨/Hφ˙) should
be much smaller than unity [21].
As long as the condition ǫ < 1 is true, the universe remains an accelerated phase, and the
smallness of η ensure us to have enough inflation in order to overcome the problems of
hot big-bang model. It is stated that the smallness of these parameters are provided by
almost flat part of the scalar field potential, which in turn results in almost scale invariant
spectrum of scalar perturbations. However, what happens if the potential is exactly flat?
A question that was explored in [28] for the first time. In [23], the non-Gussianity of this
situation was explored in detail and they showed that in contrast to the standard slow-roll
inflation the non-Gussianity could be of order unity. The idea was generalized in [24] so
that for the second slow-roll parameter was taken as a constant that could be of order unity.
They showed that the power spectrum on superhorizon could be both growing and scale
invariant, also the non-Gaussianity of the model could be of order unity too. The model was
addressed as ultra slow-roll inflation. The same model was studied in [25], where the author
found an exact solution for the Hubble parameters and potential using Hamilton-Jacobi
2
formalism [26–32]. It was determined that the model has an attractor solution, and the
power spectrum remains scale invariant for specific choice of constant parameter. Taking
into account the higher order terms of curvature in the action, the constant-roll inflation
was investigated in modified gravity as well [33–36]. A more generalized case has been
considered in [37], where instead of assuming a constant for η, it was taken equal to a
smooth function of scalar field. Such model is addressed as smooth-roll inflation [37–39].
In this paper, the scenario of constant-roll inflation will be consider for tachyon field.
Applications of tachyon field in cosmology was received huge attention after the work of
Sen [40–42] and Gibbons [43]. Sen showed that pressureless gas will be produced during
the process of classical decay of unstable D-brane in string theory. The start point of
tachyon cosmology was the work of Gibbons [43], where the Einstein-Hillbert term was
added to the effective action of tachyon on the brane as a way to take into account the
coupling to the gravitational field. Since it is assumed that the inflation may be caused
by a scalar field (inflaton) with negative pressure and because of the fact that there is
no reason against one to take inflaton as tachyon field, the tachyon inflation becomes
an interesting topic amongst physicists [44–47]. This huge interest in tachyon slow-roll
inflation motivate us to consider the scenario of tachyon inflation for a more generalized case.
The paper is organised as follow: The general formula of the model is addressed in Sec.II.
Applying tachyon field as a inflaton for describing inflation is presented in Sec.III, where the
dynamical equations are obtained based on constant-roll condition. In Sec.IV, the scalar and
tensor perturbations of the model is extracted and the power spectrum of perturbations are
achieved in compatible with constant-roll condition. Agreement of the model prediction with
observational data is examined in Sec.V. The result of the work is summarized in Sec.VI.
II. TACHYON MODEL
The action for such kind of model is given by
S =
−1
16πG
∫
d4x
√−gR +
∫
d4x
√−gV (T )
√
1− gµν∂µT∂νT , (1)
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where T stands for tachyon field with potential V (T ). The field equation of the model that
is derived by variation with respect to the metric is read as
Rµν − 1
2
gµνR =
8πG
3
(
−V (T )
√
1 + ∂αT∂αT +
V (T )√
1 + ∂αT∂αT
∂µT∂νT
)
, (2)
in which the term in parenthesis on the right hand side is known as the energy-momentum
tensor of tachyon field. Taking the tachyon field as a perfect fluid with energy-momentum
tensor Tµν = (ρ + p)uµuν − pgµν , one could realized that the four-velocity of the tachyon
is uµ = ∂µT/
( − ∂αT∂αT ). The equation of motion of tachyon field is derived by tacking
variation of action (1) with respect to field T , as
∂µ
(
gµν∂νT V (T )√
1− gµν∂µT∂νT
)
+ V,T (T )
√
1− gµν∂µT∂νT = 0. (3)
In homogenous and isotropic universe describing by flat FLRW metric, the main evolution
equations of the models are obtained as
H2 =
8πG
3
ρT , H˙ = −4πG
(
ρT + pT
)
, (4)
where ρT and pT are respectively the energy density and pressure of tachyon field given by
ρT =
V (T )√
1− T˙
, pT = −V (T )
√
1− T˙ . (5)
From Eqs.(4), the acceleration equation is obtained as a¨/a = H2(1 − 3T˙ 2/2), then the
universe stay in acceleration expansion phase as long as the condition T˙ 2 < 2/3, otherwise
the universe decelerate. Note that for the case T˙ = 0, we have exactly cosmological constant
equation of motion parameter for the scalar field i.e. ω = ρT/pT = −1.
The second order equation for tachyon field comes from (3)
T¨ + (1− T˙ 2)
(
3HT˙ +
V,T (T )
V (T )
)
= 0, (6)
which is another statement of conservation equation ρ˙T + 3H
(
ρT + pT
)
= 0 that also could
be concluded form Friedmann equations (4). If we use the Hamilton-Jacobi formalism and
assume the Hubble parameter as a function of tachyon field, namely H := H(T ), from the
Friedmann equation (4), one obtains
T˙ = −2
3
H,T (T )
H2(T )
. (7)
Substituting Eq.(7) in Friedmann equation (4), and using Eq.(5), the potential of tachyon
field is derived as
V (T ) =
3
8πG
H2(T )
√
1− 4
9
H2,T (T )
H4(T )
. (8)
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FIG. 1: The Hubble parameter versus the tachyon field.
III. TACHYON INFLATION
The smallness of the first slow-roll parameter should be guaranteed to have an accelerated
phase. Applying the Hamilton-jacobi formalism, and taking the Hubble parameter as a
function of scalar field, one arrives at
ǫ = − H˙
H2
= − T˙H,T (T )
H2(T )
=
2
3
H2,T (T )
H4(T )
. (9)
In constant-roll inflation, the rate of time derivative of field is taken as a constant, namely
T¨ = βHT˙ , (10)
then, our second slow-roll parameter η is obtained by
η =
T¨
HT˙
= −δ + 2ǫ = β, where δ = 2
3
H,TT (T )
H3(T )
. (11)
Using Eq.(7) and (10), the differential equation for the Hubble parameter is given by
H(T )
d2H(T )
dT 2
− 2
(
dH(T )
dT
)2
+
3
2
βH4(T ) = 0, (12)
which is a nonlinear second order differential equation; and it is more complicated than
the corresponding equation that in [25] was derived. Getting analytical solution for the
above differential equation is at least very complicated, then we solve it using the numer-
ical approach for specific choice of the parameter β, illustrated in Fig.1 where the Hubble
parameter decreases by enhancement of the tachyon field.
Applying this solution, the behavior of slow-roll parameters ǫ and δ will be determined
during the inflationary times. Fig.2a illustrate the behavior of ǫ versus tachyon field. The
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FIG. 2: The behavior of the slow-roll parameters ǫ and δ during the inflationary times versus
tachyon field
FIG. 3: the tachyon field potential versus the field in the inflationary times.
parameter is much smaller than unity at the beginning of inflation and grows up by passing
time. It reach one for larger value of tachyon field. The slow-roll parameter δ is depicted
in Fig.2b where one can see that the parameter is close to β (not necessary small) at the
beginning of inflation, the result that we expected from Eq.(11).
From Eq.(8), the potential of tachyon field is extracted versus the field. Fig.3 displays the
tachyon potential so that The field rolls down from the top of the potential.
Amount of inflationary expansion during this short period of time is important in infla-
tionary studies. The parameter for describing this feature is known as number of e-fold and
is given by
N =
∫ Te
T
Hdt = −3
2
∫ Te
T
H3(T )
H,T (T )
dt (13)
where Te indicates the value of the field at the end of inflation. To solve the horizon and
flatness problem, we need about 60 number of e-fold [49].
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IV. PERTURBATIONS
Quantum perturbations are another predictions of inflationary scenario. During the
inflationary phase, the fluctuations are stretched and gone beyond the horizon. At super-
horizon scale, the fluctuations are frozen and reenter to the horizon after inflation. The
footprint of fluctuations are in the cosmic microwave background (CMB) which is emitted
freely in the universe at last surface scattering. Therefore, CMB is our best chance to
understand the evolution in early time of the universe evolution. Temperature fluctuations
in CMB are related to the metric fluctuations, which they in turn are a consequences of
scalar field fluctuation (in here tachyon field fluctuations). Metric fluctuations in general
are divided to the three types as: scalar, vector, and tensor fluctuations which at linear
order they evolve separately. The scalar fluctuations are known as seed for large scale
structure of the universe, and tensor fluctuation are addresses as gravitational waves of
the early universe. Vector fluctuation are diluted during the inflation and are not our
interested perturbations mode. Then, the most important fluctuations types are scalar and
tensor fluctuation. In this section, we first consider the scalar fluctuations, and after that
introduce the tensor fluctuations.
A. scalar perturbation
Consider an small fluctuation of tachyon field as
T (t,x) = T0(t) + δT (t,x),
where the index ”0” indicates that the parameter is a background parameter. The fluctua-
tions in tachyon field cause fluctuations in metric so that the scalar type of these fluctuations
in longitudinal gauge is
ds2 =
(
1 + 2Φ(t,x)
)
dt2 − a2(t)(1− 2Φ(t,x))δijdxidxj .
Following [7, 48], the linearized Einstein equation could be written as
ξ˙ =
a(ρT + pt)
H2
ζ,
ζ˙ =
c2sH
2
a3(ρT + pt)
∇2ξ, (14)
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in which the new variables ξ and ζ are defined as [7]
ξ ≡ a
4πGH
Φ,
ζ ≡ 4πGH
a
ξ +H
δT
T˙
= Φ +H
δT
T˙
.
The corresponding action for the equation (14) is [7]
S =
1
2
∫
z2
(
ζ ′2 + c2sζ(∇ζ)2
)
dτd3x, (15)
and the parameter z is given by z =
√
3/8πG
(
aT˙ /cs
)
. The prime in above equation
means derivative with respect to the conformal time τ . Introducing a canonical quantization
variable v = zζ , the action (15) is rewritten in terms of v, , which is known as Mukhanov-
Sasaki variable
S =
1
2
∫ (
v′2 + c2sv(∇v)2 +
z′′
z
v
)
dτd3x. (16)
Therefore, we have
d2
dτ 2
v(τ,x)− c2s∇2v(τ,x)−
z′′
z
v(τ,x) = 0. (17)
The conformal time derivatives of z is extracted as
dz
dτ
= z(aH)
[
1 + 2ǫ− δ + 2ǫ
(3− 2ǫ)
(
2ǫ− δ)] .
In order to get the second time derivative, one need to calculate the time derivative of the
slow-roll parameters
dǫ
dτ
= aH
(
2ǫδ − 4ǫ2),
dδ
dτ
= aH
(
σ2 − 3ǫδ),
where σ = 2
√
H ′H ′′′/3H3. Then, the second order derivative of z with respect to the
conformal time becomes
1
z
d2z
dτ 2
= 2
(
aH
)2 [(
1 +
5
2
ǫ− 3
2
δ − 3ǫ2 + 1
2
δ2 + 2ǫδ − 1
2
σ2
)
+
ǫ
(3− 2ǫ)
(
4ǫ− 2δ − 8ǫ2 + 7ǫδ − σ2
)
+
2ǫ2
3(3− 2ǫ)2
(
− 4ǫ2 + 4ǫδ − δ2
)]
.
Now, we back to the main equation (17). By expanding the canonical quantization variable
v in the Fourier modes as
v(τ,x) =
∫
d3k(
2π
)3/2 vk(τ)eik.x,
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and inserting this in Eq.(17), we arrive at [48]
d2
dτ 2
vk(τ) +
(
c2sk
2 − 1
z
d2z
dτ 2
)
vk(τ) = 0. (18)
We need to find vk(τ) from above equation to extract the power spectrum. The power
spectrum of curvature perturbations as a function of wavenumber k is given by
Ps = k
3
2π2
∣∣∣vk
z
∣∣∣2 . (19)
At subhorizon scale, when csk ≫ aH , the differential equation (18) gets a simple form which
the solution could be easily derived [7, 48]
d2
dτ 2
vk(τ) + c
2
sk
2vk(τ) = 0, ⇒ vk(τ) = 1√
2csk
eicskτ . (20)
To find a general solution, we first work a little with term z′′/z. Since the slow-roll parameters
appeared in z′′/z are smaller than unity, except η (or δ), we rewrite this term up to first
order of ǫ and σ, namely
1
z
d2z
dτ 2
= 2
(
aH
)2(
1 +
5
2
ǫ− 3
2
δ +
1
2
δ2 +
4
3
ǫδ
)
.
On the other side, for a quasi-de Sitter expansion (which is at least acceptable for the
beginning of inflation) the conformal time is derived in terms of the scale factor and Hubble
parameter as τ = −(1 + ǫ)/aH , therefore, there is a2H2 ≃ (1 + ǫ)2/τ 2. Substituting this in
term z′′/z, we could have
1
z
d2z
dτ 2
=
ν2 − 1
4
τ 2
, ν2 ≡ 9
4
+ 9ǫ− 3δ + δ2 − 10
3
ǫδ + 2δ2ǫ.
Inserting this in Eq.(18), and using a variable change as vk =
√−τ fk, the canonical form
of Bessel’s equation is extracted so that
d2fk
dx2
+
1
x
dfk
dx
+
(
1− ν
2
x2
)
fk = 0. (21)
The most general solution for the equation is the Hankel functions. Therefore, we have
vk(τ) =
√−τ [αkH(1)ν (x) + γkH(2)ν (x)] , (22)
where αk and γk are constant that generally depend on wavenumber k. The solution should
approach to solution (20) on subhorizon scale (as −kτ → ∞). The asymptotic behavior of
the Hankel functions at this limit is given by
lim
−kτ→∞
H(1,2)ν (x) =
√
2
π
1√
2csk
e∓(icskτ+ς), ς =
1
2
(
ν +
1
2
)
.
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In comparison with solution (20), it is clear that αk =
√
π eiδ/2 and γk = 0. Inserting this
into Eq.(22), the general solution for variable vk(τ) becomes
vk(τ) =
√
π
2
ei
pi
2
(ν+1/2)
√−τH(1)ν (−cskτ). (23)
The scalar power-spectrum follow from Eq.(19), and is read as
Ps = 1
2π
8πG
3
3c2sH
2
2ǫ
(
k
aH
)3 ∣∣H(1)ν (−cskτ)∣∣2 . (24)
Following the asymptotic behavior of the Hankel function, the scalar power spectrum on
superhorizon scale becomes
Ps = 8πG
3
(
H
2π
)2
3
2csǫ
(
2ν−3/2Γ(ν)
Γ(3/2)
)2 (
csk
aH
)3−2ν
. (25)
Then the scalar spectral index is ns − 1 = 3− 2ν.
B. Tensor perturbations
Besides scalar perturbations, quantum fluctuations in gravitational waves form are pro-
duced as the same way. A linear perturbations in flat FLRW metric is given by
ds2 = −dt2 + (δij + hij)a2(t)dxidxj ,
the perturbation quantity hij is gauge invariant. Since the energy-momentum tensor is
diagonal, therefore it has no contribution in tensor perturbations equations; in another word
the tensor mode equation has no source term. The action for the corresponding equation is
given by [49, 50]
S =
1
2G
∫
d4x
√−g1
2
∂µhij∂
µhij , (26)
which has the same form as the action of massless scalar field. Utilizing uk = ahk/
√
2G,
and repeating the same process, the following equation will be concluded
d2uk(τ)
dτ 2
+
(
k2 − 1
a
d2a
dτ 2
)
uk(τ) = 0, (27)
which the solution is now familiar. On superhorizon limit, it is read as
|uk| =
(
H
2π
)(
k
aH
)−νT+3/2
, νT =
3
2
− ǫ. (28)
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In turn, the tensor power spectrum at this limit is obtained as
PT = 64πG
(
H
2π
)2(
k
aH
)nT
, (29)
and the tensor spectral index is nT = 3 − 2νT . The tensor perturbations are detected
indirectly through measuring the tensor-to-scalar ratio parameter r = PT/Ps. Although no
exact value for the parameter has been measured, there is only an upper bound so far.
V. CONSISTENCY WITH OBSERVATION
The model was studied generally, however to get the best solution and in order to confirm
the validity of the model, its prediction should be compare with observational data. The
scalar spectral index in terms of η is read by
ns − 1 = 3− 2ν = −2η, ν2 = 9
4
+ 3ǫ+ 3η + η2 − 2
3
ǫη + 2η2ǫ (30)
in which η = β. According to the Planck observational data, the scalar spectral index is
about ns = 0.9666 ± 0.0033 68% CL [51]. Eq.(30) indicates that there are two values for
β as β ≈ 0.0153 and β ≈ −2.989 to achieve the proper value for ns. For β ≈ 0.0153, the
time derivative of tachyon field is positive. Fig.4 the behavior of T˙ versus the tachyon field
illustrating that T˙ > 0 during the inflation, denoting that the tachyon field at the end of
inflation is bigger than it at the horizon crossing. The slow-roll parameter ǫ is depicted in
FIG. 4: The time derivative of the tachyon field versus the field is plotted during the inflation.
Fig.5, where it is clear that for small values of the field ǫ is smaller than unity correspond
to the horizon crossing time. However, for larger values of the field, ǫ reaches one and
inflation ends. The Hubble parameters and also the potential of tachyon field is shown
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FIG. 5: The slow-roll parameters ǫ versus tachyon field during inflation.
FIG. 6: a) The Hubble parameter and b) the potential versus tachyon field during inflation.
in Fig.6 so that the potential rolls down from the top of the potential. For this choice of
the parameter β there are the scalar spectral index ns ≈ 0.9615, the amplitude of scalar
perturbations Ps ≈ 2.13 × 10−9, and the tensor-to-scalar ratio r ≈ 0.0197, however these
results are obtained for about N = 121 number of e-folds.
VI. VERY SMOOTH-ROLL TACHYON INFLATION
In the canonical scalar field model of constant-roll inflation, for β = −3 there is a flat
potential i.e. V ′(φ) = 0 [24, 25]. However, in the tachyon inflation, this choice does not lead
to a flat potential; as a matter of fact for β = −3 we have
V ′(T )
V (T )
=
3HT˙ 3
1− T˙ 2
and this is due to the different form equation of motion of tachyon field. On the other side,
for η = β
(
1 − T˙ 2), and β = −3, a flat potential is concluded. This choice for η is not
12
constant, actually it is varies slowly and for this reason we call this choice ”very smooth-
roll”, because it could be written as η = β(1− 2ǫ/3).
In this case, the differential equation for the Hubble parameters changes a little and is
H(T )
d2H(T )
dT 2
− 2
(
1 +
β
3
)(dH(T )
dT
)2
+
3
2
βH4(T ) = 0, (31)
however, all of the results we have obtained in Sec.III will be right even for this choice of η,
and only there is a difference in the parameter ν as
ν2 =
9
4
+ 9ǫ− 3β − 4βǫ+ β2 + 2β2ǫ,
which in turns appears in the scalar spectral index so that up to the first order of ǫ there is
ns − 1 = 3− 2ν. (32)
It seems that for any value of ns there are two values for β. For β ≈ 0.0124, the time
derivative of the tachyon field is positive, illustrating in Fig.7a. The slow-roll parameter ǫ is
smaller than unity at the horizon crossing time. By passing time, the tachyon field increases
and ǫ also approached one. Its behavior is shown in Fig.7b and it is seems that ǫ reaches
one for bigger values of field than the previous case.
The Hubble parameter and the potential of tachyon field for this case are also displayed
FIG. 7: a) The time derivative of tachyon field, and b) the behavior of the slow-roll parameter ǫ
are plotted versus the field during the inflation.
respectively in Fig.8a and Fig.8b which in general have the same behavior at their corre-
sponding in the previous case.
For this choice of β, the scalar spectral index is about ns ≈ 0.9645, the amplitude of scalar
perturbations is obtained about Ps ≈ 2.19 × 10−9, and tensor-to-scalar ratio is predicted
about r ≈ 0.0272, for about N = 108 number of e-folds.
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FIG. 8: a) the Hubble parameter, and b) the potential of scalar field are plotted versus the field
during the inflation.
VII. CONCLUSION
Tachyon inflation was studied in constant-roll scenario where the second order of the
slow-roll parameter is assumed as a constant. This choice leads to a nonlinear differential
equation for the Hubble parameter, and it complicity form forced us to solve it numerically.
Since this constant taken for the second slow-roll parameter could be of order unity, one
should reinvestigate the cosmological perturbations of the model. The cosmological pertur-
bation was considered in the work, and for cosmological perturbation it was clear that there
are some correction terms in the amplitude of scalar perturbations and also in the scalar
spectral index. However, since the energy-momentum tensor has no contribution in the ten-
sor perturbations equations, and also because these equations only contain the first slow-roll
parameter, there was no change in the amplitude of tensor perturbation with respect to the
slow-roll inflationary model.
Obtaining the perturbations parameters and comparing them with observational data, indi-
cates that there is a specific choice for the constant parameter β that makes the amplitude of
scalar perturbation almost scale invariant in superhorizon scales. Taking β ≈ 0.024, comes
to a positive time derivative of tachyon field which shows that the field grows up during
the inflationary times, that is consistent with Fig.5 where the behavior of the slow-roll pa-
rameters ǫ is plotted and clearly shows that inflation ends for bigger value of the field. The
amplitude of scalar perturbations, scalar spectral index, and tensor-to-scalar ratio for the
selected β are respectively obtained as 0.9615, 2.13×10−9, and 0.0197 for about 121 number
of e-folds.
14
As another case, the second slow-roll parameter was taken as η = β
(
1 − T˙ 2) so that for
β = −3 there is flat potential for the model in analogues with the canonical scalar field
model that we have a flat potential for η = −3. In this case, the parameter η is not exactly
constant, and it varies slowly. The differential equation for the Hubble parameter changes
a little with respect to the previous case. Calculating the perturbation equations shows
that there is only some correction terms in the parameter ν, that in turns comes to some
correction terms in the equation of the scalar spectral index. By taking β ≈ 0.0233, the time
derivative of the field is positive indicating an increasing behavior for the magnitude of the
field, which displays that there is an end for inflation for the bigger values of the field than
horizon crossing time, illustrating in Fig.7b. The results states that there are ns ≈ 0.9645,
Ps ≈ 2.19× 10−9, and r ≈ 0.0272 with about 108 number of e-folds.
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